The property of Krull domains, to be determined already by its essential valuations, is extended to a class of monoids of finite real character containing Krull monoids. This is applied to construct a divisor theory for such monoids and also to characterize Krull domains purely multiplicatively as the integral domains for which the multiplicative monoid is a Krull monoid.
Introduction
Krull monoids, which are defined analogously to Krull domains, have been studied by Chouinard II [2] and Gilmer [3] . In [2] it is observed already, that the property of Krull domains that the essential valuations form the smallest defining family of discrete valuations carries over to the analogous result for Krull monoids. (Cf. Corollary 1 below and the remarks thereafter.) In the present paper we extend this to more general monoids including, besides Krull monoids, rational generalized Krull monoids and also nonalgebraic objects like the polyhedral cones of convex analysis. The proof is direct and simple, requiring not more effort than a concise proof in the case of Krull domains like that given in [7] . The main step in the proof is the description of essential states on preordered Abelian groups as given in §2. Our theorem yields in particular an easy construction of a divisor theory for Krull monoids and more general monoids. As a further application we obtain in §3 a purely multiplicative characterization of Krull domains which states that an integral domain is a Krull domain if and only if its multiplicative monoid is a Krull monoid.
By a monoid we mean a commutative and cancellative semigroup 5 with unit. Since S can be embedded into its quotient group G, we may, equiva-lent^, consider an additively written Abelian group G with a monoid or cone S in G, i.e., a subset S c G with O € S and S + S c S, which generates G, i.e., G = S-S . Thereby for subsets A.BcG, A±B = {a±b\a e A ,b e B}.
We can also speak of a preordered group (G.S). The preorder being defined by
x < y iff y -x e S, is directed, i.e., every element is a difference of two nonnegative elements. (Cf. [4] on these matters.) We shall employ this language in the following, since not only multiplicative monoids of integral domains but also certain cones in the additive group of real vector spaces fit into our framework. A homomorphism f of G into the additive group of real umbers R which is not identically zero (/ ^ 0) and which maps S into the cone R+ of non-negative real numbers is said to be a state on (G ,S). (The notion of a state used in [4] is more special in that it requires additionally G to possess an order unit.)
Essential states on partially ordered groups
A state / on a preordered group (G ,S) is said to be an essential state on (G ,S), if for any x , y G G there exists a z e G such that x<z, y<z and/(z) = max{/(jc) ,/(y)}.
An essential state may be characterized also by looking at the cone P = f~ (R+) defined by the state /. One verifies easily that a state / on a directed preordered group (G,S) is essential if and only if the cone P defined by / satisfies the equation P = S-(Sr\Pn(-P)). Read multiplicatively, this equation is more akin to commutative algebra and serves in [3, p. 201 ] to define an essential valuation on the quotient group of a monoid. Because it is easier to work with we shall stick however to the above given definition of an essential state. Our aim is to identify the essential states for the type of monoids defined below.
A nonempty family F of group homomorphisms / : (7 -> R, / ^ 0, is a family of compact real character, if all the sets {/ G F\f(x) ^0} for x 6 G have compact closure in F for the topology induced on F c R by the product topology of R . A special case is a family of finite real character where the sets {/ G F\f(x) t¿ 0} for x G G are finite sets. Since all homomorphisms under consideration are into the real numbers R, the addendum "real" will be omitted in what follows.
A monoid, or cone, 5 is defined by a family F of homomorphisms if S = n{f~ (R+)|/G/r}. S is a monoid of compact (finite) character if S is defined by some family of compact (finite) character. A homomorphism / : G -* R is rational, if the image f(G) is contained in the additive group Q of rational numbers, and / is discrete if /(G) c Z, Z the additive group of the rational integers. For a family F of homomorphisms, / G F is said to be adapted, whenever for any x,y G G and any r,s G f(G) there exist z g G and 0 / / G R, such that rg(x) + sg(y) = tg(z) for all g G F. Obviously, any discrete or rational homomorphism is adapted for any family to which it belongs. Another, completely different, example is given by a real vector space G and some family of vector space homomorphisms into the reals.
For two families F and F* of states, the family F is said to be smaller than F* if for each f € F there is some r > 0 such that rf G F*.
Lemma. Let (G, S) be a directed preordered group.
(1) If S is a monoid of compact character with defining family F, then the set of essential states on (G, S) is smaller than F .
(2) If S is a monoid of finite character with defining family F, then every adapted f G F for which F\{f} does not define S must be an essential state on (G,S). Then there are m , n G Z, « > 0, with g,(;c) < m//i < fx(x). It follows 0 < m -ngx(x) = gx(ma -nx) and 0 > m -nfx(x) -fx(ma -nx), which is a contradiction. Therefore we must have /, = gx, that is / = rg with r = t/s > 0, g&F .
(2) Let x, y G G and, without restriction, /(x) < /(y). Then f g M = {g G F|g(y) < ¿?(jc)} and M is a finite set by assumption. Since G = S -S, there exists for each g e F some u G S with ^(w?) > 0. If u = 2^,g€M ug , then u e S and g(u) > 0 for ail g e M. By assumption, /*"\{/} does not define 5 and therefore there is some v e G such that g(v) > 0 for all g G F\{f} but /(©) < 0. Since / is adapted, we can find to u , v G G, r = f(-v) and s = f(u) some t > 0 and some w G G such that rg(w)-hsg(i>) = tg(w) for all g€F. Setting g = f, we obtain jC(w) = 0. If g G -F\{/}, then g(v) > 0 and hence g(w) > 0 because of u eS. Thus tu G S. Furthermore, g(u) > 0 and g(v) > 0 for g g Af and hence ¿?(w) > 0 for g G M. Therefore we can find « G N such that ng(w) > g(x -y) for all g G M. Define z = y + nw . Obviously z > y and g(z -x) > 0 for g <£ M. For g € M g(z -x) = g(y -x) + ng(w) > 0 by definition of n . Hence g(z -x) > 0 for all g G F, that is z > x. Finally, /(z) = f(y) + nf(w) = f(y) and /(z) = max{/(x),/(y)}.
Q.E.D.
To illustrate the notion of an essential state we discuss some examples. , the monoid N is defined by its essential states, which, as in valuation theory, are determined by the prime elements. The Hubert monoid S is not factorial, but this monoid too is defined by its essential states, which are obtained by restricting those on (Q+\{0}, N) to the quotient group of S. The additive monoid Z+ is defined by the identity which is (up to a positive scalar) the only state and which is essential. The additive monoid Z+\{1} however cannot be defined by a family of states. The only state (up to a positive scalar) is the identity which is not essential.
(2) A simple example of a monoid of compact, but not necessarily finite, character, is the following one. The example may be considered some generalization of the notion of a factorial monoid. Let S be the cone of all non-negative realvalued continuous functions on some topological space T which have compact support. Take S with pointwise addition and let G = S -S. If et denotes evaluation at t € T, i.e., et(x) = x(t) for x G G, then F = {et\t G T} is a family of compact character defining 5". Obviously, any e, provides an essential state on (G ,S). By part (1) of the lemma, these are-up to some positive scalar-all essential states. The special case where T is equipped with the discrete topology and the functions are Z-valued corresponds to the case of factorial monoids (with T being the set of primes).
(3) In the above example the notion of an essential state coincides with that of an extremal state. Thereby a state / on (G,S) is extremal if from g(x) < f(x) for some state g and all x G S it follows that g = rf for some r > 0. Part ( 1 ) in the proof of the lemma shows that an essential state must be necessarily extremal. The reverse implication is not true in general. Consider for example the ice cream cone there is no z e S such that z -x € S and f(z) = 0. Hence / is not essential. The above-mentioned reverse implication holds under certain assumptions, e.g., for discrete states. (For the special case of interpolation groups an analysis of extremal states may be found in [4, pp. 110, 199] . There some property for states is considered which is similar to, but different from, that defining an essential state.)
The following theorem is a consequence of the lemma.
Theorem. Let S be a monoid of finite character with a defining family consisting only of adapted states. Then among the families of compact character defining S there is a smallest one, and that consists of essential states on (G ,S).
Proof. By part ( 1 ) of the lemma it suffices to find some family of essential states which is of compact character and defines S. Since N is finite by assumption, M must be finite too. Thus E is of finite character. Q.E.D.
The conclusion of the theorem is no longer true if the monoid S is only required to be of compact character. Consider the ice cream cone S discussed before. Let F be the set of linear functionals / on R satisfying S c f~ (R+) and 11/11 < 1 . Then F is a family of compact-but not finite-character consisting of adapted states. By the Hahn-Banach theorem 5 is defined by F . However, there are no essential states on (R3, S).
A monoid of finite discrete (rational, adapted) character is a monoid defined by a family of finite character which consists of discrete (rational, adapted) states. A monoid of finite discrete (rational) character will also be called a Krull monoid (rational generalized Krull monoid). (Cf. [2, p. 1460], [3, p. 190] .) The theorem yields immediately the following corollary. Corollary 1. For every Krull monoid (rational generalized Krull monoid) there exists a smallest defining family of finite character and that consists of discrete (rational) essential states.
Remarks. ( 1 ) Obviously, the multiplicative semigroup of a Krull domain (rational generalized Krull domain) is a Krull monoid (rational generalized Krull monoid). Hence Corollary 1 implies the well-known corresponding results for Krull domains.
(2) For the case of Krull monoids, Corollary 1 has been observed by Chouinard II [2, p. 1461]. There it is pointed out that the arguments by Bourbaki [ 1 ] which show that the family of essential valuations of a Krull domain is the smallest defining family can be modified to give a similar result for a License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Krull monoid. By a different approach Gilmer [3, p. 201 ] obtains for Krull monoids Corollary 1 from the corresponding result for Krull domains. Applying in the proof a result about semigroup rings, Gilmer assumed that for each 0^g€G = S-S there are only finitely many integers n for which nx = g is solvable in G. Corollary 1, however, holds without that assumption.
The theorem also supplies an easy access to a divisor theory for Krull monoids and more general monoids. Let S be any monoid and TV be a submonoid of the additive monoid R . By a N-valued divisor theory for S we mean a monoid homomorphism <p of S into a direct sum N such that x < y in S, for x, y G S, is equivalent to q>(x) < tp(y) in N and such that each element of N is the pointwise minimum in 7V( ' of finitely many elements from tp(S). This corollary applies not only to algebraic objects like Krull monoids but also to the polyhedral cones of convex analysis.
Example. Let £ be a polyhedral cone in R" , i.e., S is the intersection of finitely many homogeneous halfspaces f~ (R ), i = I, ... ,m . To simplify, assume the interior of S to be nonempty and hence G = S -S = Rn . Obviously, with addition S is a monoid of finite adapted character and the range of the linear functional f ^ 0 is equal to R for each i. The essential states in this case, say /,,..., fk without restriction, correspond to those hyperplanes determined by a facet, i.e., f~~ (0)nS is an (n-1)-dimensional face of S, i = \ , ... ,k . The R+-valued divisor theory for S as constructed in the corollary is the mapping <p : 5 -> R+ with the z'th component of <p(x) given by the evaluation of fi at x. The divisor theory may be viewed as a minimal representation of the preorder defined by S in terms of the standard componentwise ordering. The ice cream cone discussed earlier (Example (3)) does not admit any divisor theory.
Krull monoids and Krull domains
A common description of a Krull domain is that of an integral domain which is defined by a family of finite character consisting of rank-one discrete valuations ( [3, p. 190 ], [7, p. 86] ). As remarked already, the multiplicative monoid of a Krull domain must be a Krull monoid. It is interesting that this property, which employs only the multiplicative operation, already characterizes Krull domains among integral domains. This is a consequence of the result obtained in the previous section saying that a Krull monoid may be defined also by the family of its essential states. Let R be an integral domain with quotient field K, R* = R\{0} its multiplicative monoid with quotient group K* = K\{0) .
Proposition. An integral domain is a Krull domain (rational generalized Krull domain) if and only if its multiplicative monoid is a Krull monoid (rational generalized Krull monoid).
Proof. It suffices to show that the integral domain R must be a Krull domain if R* is a Krull monoid. The same argument then applies with rational states instead of discrete states. Let R* be a Krull monoid with a defining family F which, by Corollary 1, is of finite character and consists of discrete essential states on (K* ,R*). We conclude with some remarks concerning the proposition and its implications.
Remarks. ( 1 ) The above proof shows that for an essential state / on the multiplicative monoid of an integral domain the set P = f~ (R ) is not only a monoid but a subring, actually an essential rank-one valuation ring. One shows similarly, for an integral domain R with quotient field K, that more general the valuation rings of K which are essential for R can be characterized multiplicatively as the sets P U {0} with P c K* such that PP c P , P UP~l = K* and P equal to the monoid of fractions of R* with respect to R* n P n P~ .
(2) The above remark can be used to make counterexamples from Krull ring theory applicable to Krull monoids. In [5, p. 84 ] an integral domain R defined by a family of finite real character is constructed which cannot be defined by a family consisting of essential valuations only. (This answers a question of Krull in the negative.) Hence R* is a monoid of finite character which cannot be defined by a family of essential states, because the latter would be necessarily essential valuations. Thus this example of Griffin shows that in the theorem of §2 the addendum "adapted" cannot simply be omitted.
(3) The multiplicative monoids of Krull domains are particular examples of Krull monoids. Moreover, it is easily verified that any submonoid S of the multiplicative monoid R* of a Krull domain R is a Krull monoid, provided 1 G 5 and two elements from S divide each other in S if they divide in R. Actually, in this way one may arrive at Krull monoids S which cannot be "realized" as the multiplicative monoid of some Krull domain. Consider for example in an arbitrary Krull domain R some nonunit a ^ 0 and let S -{a"\n = 0, 1 ,2 , ...}. Since two elements from 5 divide in S if they divide in R , S must be a Krull monoid. Suppose S could be realized as the multiplicative monoid T* of some integral domain (T,-,+).
(Whereas the multiplicaton " • " coincides with that of R on S, the addition " + " may be different from that in R .) If in T l+a = 0,then a = -1 and a2 = (-l)2 = 1. This is impossible since a is not a unit in R . Hence 1 +a ^ 0 and 1 +a G T* = S . Therefore 1 + a = a" for some n > 1 and 1 = a" -a = a(a"~ -1). In particular, a"~ -1 G T* = S and a is a unit in R , which is impossible. Thus S cannot be realized as the multiplicative monoids of some integral domain.
(4) Call a property of an integral domain R purely multiplicative whenever any integral domain T with multiplicative monoid T* isomorphic to R* has this same property too. By the proposition, being a Krull domain is a purely multiplicative property among integral domains. This nice feature of a Krull domain, which seems not to be stated in the literature, is obscured by the commonly adopted definitions of a Krull domain. (Simple examples show that being a Dedekind domain or a Prüfer domain, respectively, is not a purely multiplicative property among integral domains.) In order to make the purely multiplicative character clear right from the beginning, it would be preferable to define a Krull domain as an integral domain for which the multiplicative monoid is a Krull monoid. Corollaries 1 and 2 then supply further information, also about Krull domains and rational generalized Krull domains, respectively.
